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Abstract
Alerted by the recent LHCb discovery of exotic hadrons in the range (6.2 – 6.9) GeV, we present new results for the doubly-hidden
scalar heavy (Q¯Q)(QQ¯) charm and beauty molecules using the inverse Laplace transform sum rule (LSR) within stability criteria
and including the Next-to-Leading Order (NLO) factorized perturbative and 〈G3〉 gluon condensate corrections. We also critically
revisit and improve existing Lowest Order (LO) QCD spectral sum rules (QSSR) estimates of the (Q¯Q¯)(QQ) tetraquarks analogous
states. In the example of the anti-scalar-scalar molecule, we separate explicitly the contributions of the factorized and non-factorized
contributions to LO of perturbative QCD and to the 〈αsG2〉 gluon condensate contributions in order to disprove some criticisms on
the (mis)uses of the sum rules for four-quark currents. We also re-emphasize the importance to include PT radiative corrections
for heavy quark sum rules in order to justify the (ad hoc) definition and value of the heavy quark mass used frequently at LO in
the literature. Our LSR results for tetraquark masses summarized in Table 2 are compared with the ones from ratio of moments
(MOM) at NLO and results from LSR and ratios of MOM at LO (Table 4). The LHCb broad structure around (6.2 – 6.7) GeV can
be described by the ηcηc, J/ψJ/ψ and χc1χc1 molecules or/and their analogue tetraquark scalar-scalar, axial-axial and vector-vector
lowest mass ground states. The peak at (6.8 – 6.9) GeV can be likely due to a χc0χc0 molecule or/and a pseudoscalar-pseudoscalar
tetraquark state. Similar analysis is done for the scalar beauty states whose masses are found to be above the ηbηb and ΥΥ thresholds.
Keywords: QCD Spectral Sum Rules, Perturbative and Non-perturbative QCD, Exotic hadrons, Masses and Decay constants.
1. Introduction
In previous series of papers [1–9], we have used the inverse
Laplace transform (LSR) [10–13] of QSSR [14–31] to predict
the couplings and masses of different heavy-light molecules
and tetraquarks states by including next-to-next nonleading or-
der (N2LO) factorized perturbative (PT) corrections where we
have emphasized the importance of these corrections for giving
a meaning of the input heavy quark mass which plays an impor-
tant role in the analysis though these corrections are small in the
MS -scheme. However, this feature (a posteriori) can justify the
uses of the MS running masses at LO in some channels [31] if
the αns-corrections are small, especially in the ratios of moments
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used to extract the hadron masses where these corrections tend
to compensate[17, 18].
In this paper, we pursue the analysis for the fully / doubly-
hidden heavy quarks (Q¯Q)(QQ¯) molecules and (Q¯Q¯)(QQ)
tetraquarks states, where the effect of the quark mass value and
definition is (a priori) important as we have four heavy quarks
which bound these states.
We separate explicitly the factorized and non-factorized con-
tributions to the four-quark correlators at LO of PT QCD and
for the lowest dimension gluon condensate 〈αsG2〉 contribu-
tions. We add the contribution of the NLO perturbative cor-
rections from the factorized part of the diagrams which as we
shall see is a good approximation. We also include the triple
gluon condensate 〈G3〉 contributions in the Operator Product
Expansion (OPE).
We use these QCD results using the LSR sum rules within
different stability criteria used successfully in some other chan-
nels to extract the masses and couplings of the previous
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molecules and tetraquarks states assumed to be resonances.
Our results as improved estimates of the LO ones given in the
QSSR literature. We expect that these will be an useful guide
for further experimental searches of these exotic states and for
identifying the different new states found by LHCb [32, 33].
2. The QCD Inverse Laplace sum rules (LSR)
• The QCD molecule local interpolating currents
– We shall be concerned with the following QCD local inter-
polating currents of dimension-six:
〈0|OHM(x)|M〉 = f HMM4M : OHM(x) ≡ (JHM J¯HM)(x) (1)
where f HM is the decay constant; J
H
M(x) is the lowest dimension
bilinear quark currents and H ≡ S , P,V, A.
– For the scalar (0++) molecule states, these currents are :
J[S ,P,V,A]M = Q¯[1, γ5, γµ, γ5γµ]Q . (2)
Interpolating currents constructed from bilinear (pseudo)scalar
currents are not renormalization group invariants such that the
corresponding decay constants possess anomalous dimension:
f (S ,P)M (µ) = fˆ
(S ,P)
M (−β1as)4/β1 (1 − k f as), (3)
where : fˆ (S ,P)M is the renormalization group invariant coupling
and −β1 = (1/2)(11 − 2n f /3) is the first coefficient of the QCD
β-function for n f flavours. as ≡ (αs/pi) is the QCD coupling.
k f = 2.028(2.352) for n f = 4(5) flavours.
• Form of the sum rules
We shall work with the Finite Energy version of the QCD
Inverse Laplace sum rules (LSR) and their ratios :
Lcn(τ, µ) =
∫ tc
16m2Q
dt tn e−tτ
1
pi
Im ΠHM,T (t, µ) , Rcn(τ) =
Lcn+1
Lcn , (4)
where mQ is the heavy quark mass, τ is the LSR variable, n =
0, 1 is the degree of moments, tc is the threshold of the “QCD
continuum” which parametrizes, from the discontinuity of the
Feynman diagrams, the spectral function Im ΠHM,T (t,m
2
Q, µ
2)
where ΠHM,T (t,m
2
Q, µ
2) is the scalar correlator defined as :
ΠHM,T (q
2) = i
∫
d4x e−iqx〈0|TOHM,T (x)
(
OHM,T (0)
)† |0〉 . (5)
3. The QCD two-point function within the SVZ-expansion
Using the SVZ [14] Operator Product Expansion (OPE),
we give below the QCD expression of the two-point corre-
lators to LO of PT QCD and up to dimension-four condensates.
1
pi
Im ΠS ; LOM (s) =
3
29pi6
∫
x y z
F2(m2, s)
[
6m4 + 4 x y m2(2M2 − 5s) − 3 x y z (x + y + z − 1)(M4 − 6M2s + 7s2)
]
− 
211pi6
∫
x y z
F2(m2, s)
[
6m4+ 4 x y m2(2M2 − 5s) − 3 x y z (x + y + z − 1)(M4 − 6M2s + 7s2)
]
1
pi
Im ΠS ; G
2
M (s) =
〈αsG2〉
27pi5
∫
x y z
1
x3y
{
3x2
[
2m4 + m2
(
2M2 − 3s)(x (y − 2z) − 2z (y + z − 1)) − x y z (x + y + z − 1)
×(3M4 − 12M2s + 10s2)] + 2m2y [3x z (x + y + z − 1)(s (4y + 3) − 2M2(y + 1)) + m2(x (2y − 2z + 3)
−2z (y + z − 1)) + (m2 − s x y)(m2 + s z (x + y + z − 1)) δ (s − M2)]}
+
 〈αsG2〉
3 × 29pi5
∫
x y z
1
x3y
{
3x2
[ − 6m4 − m2(2M2 − 3s)(x y − 4z (y + z − 1)) + 3x y z (x + y + z − 1)
×(3M4 − 12M2s + 10s2)] + 2m2y [3x z (x + y + z − 1)(2M2(y + 1) − s (4y + 3)) + m2(2z (y + z − 1)
−x (2y − 2z + 3)) − (m2 − s x y)(m2 + s z (x + y + z − 1)) δ (s − M2)]} , (6)
where m ≡ mQ is the heavy quark mass, =0 corresponds
to the factorized contribution and  =1 to the sum of fac-
torized ⊕ non-factorized ones. The other parameters are:
xmax
min
=
1
2

(
1 − 8m
2
s
)
±
√(
1 − 8m
2
s
)2
− 4m
2
s

ymax
min
=
1
2
1 ±

√(
m2 + s(x − 1)x) (m2(8x + 1) + s(x − 1)x)(
m2 − sx)2 + x
(
3sx
m2 − sx + 2
)

zmax
min
=
1
2
(1 − x − y) ±
√
(x + y − 1) (m2 (−x2 + 2xy + x − y2 + y) + sxy(x + y − 1))
sxy − m2(x + y)

M2 =
m2
x
+
m2
y
+
m2
z
+
m2
1 − x − y − z , Fn(m
2,Q2) = (M2 + Q2)n, Q2 = −q2,
∫
x y z
≡
∫ xmax
xmin
∫ ymax
ymin
∫ zmax
zmin
dx dy dz (7)
2
We note that the inclusion of higher dimension condensate
contributions, as abusively done in the recent literature, does
not help as the OPE is often convergent at the optimization
scale while the size of higher dimension condensates are not
under control due to the violation of factorization for the four-
quark [34–37] and to the inaccuracy of the dilute gas instanton
estimate of higher dimensions gluon [38–40] condensates.
• Higher Orders PT corrections to the Spectral functions
We extract the NLO PT corrections by considering that the
molecule /tetraquark two-point spectral function is the convolu-
tion of the two ones built from two quark bilinear currents (fac-
torization) which is justified because we have seen for the LO
that the non-factorized part of the QCD diagrams gives negligi-
ble contribution and behaves like 1/Nc where Nc is the number
of colours.
JP,S (x) ≡ Q¯[iγ5, 1]Q { 1
pi
ImψP,S (t)
JV,A(x) ≡ Q¯[γµ, γµγ5]Q { 1
pi
ImψV,A(t) (8)
In this way, we obtain the convolution integral [41, 42]:
1
pi
Im ΠHM,T (t) = θ(t − 16M2Q)
(
1
4pi
)2
t2
∫ (√t−2MQ)2
4M2Q
dt1
∫ (√t−√t1)2
4M2Q
dt2 λ1/2KH (9)
where :
KS ,P ≡
( t1
t
+
t2
t
− 1
)2
× 1
pi
ImψS ,P(t1)
1
pi
ImψS ,P(t2),
KV,A ≡
[ ( t1
t
+
t2
t
− 1
)2
+ 8
t1t2
t2
]
× 1
pi
ImψV,A(t1)
1
pi
ImψV,A(t2),(10)
with the phase space factor:
λ =
1 −
(√
t1 − √t2
)2
t

1 −
(√
t1 +
√
t2
)2
t
 , (11)
and MQ is the on-shell / pole perturbative heavy quark mass.
– The NLO perturbative expressions of the bilinear equal
masses pseudoscalar spectral functions are known in the litera-
ture [17, 18, 25, 43].
– We estimate the N2LO contributions assuming a geomet-
ric growth of the numerical coefficients [44]. We consider this
contribution as an estimate of the error due to the truncation of
the PT series.
• From the On-shell to the MS -scheme
We transform the pole masses MQ to the running masses
mQ(µ) using the known relation in the MS -scheme to order α2s
[45–53]:
MQ = mQ(µ)
[
1 +
4
3
as + (16.2163 − 1.0414nl)a2s
+ ln
µ2
m2Q
(
as + (8.8472 − 0.3611nl)a2s
)
+ ln2
µ2
m2Q
(1.7917 − 0.0833nl) a2s ...
]
, (12)
for nl = 3 : u, d, s light flavours. In the following, we shall use
n f =4 or 5 total number of flavours for the numerical value of
αs respectively for the charm and bottom quarks.
4. QCD input parameters
The QCD parameters which shall appear in the following anal-
ysis will be the QCD coupling αs the charm and bottom quark
masses mc,b, the gluon condensates 〈αsG2〉. Their values are
given in Table 1.
Parameters Values Sources Ref.
αs(MZ) 0.1181(16)(3) Mχ0c,b−Mηc,b LSR [54]
mc(mc) 1286(16) MeV Bc ⊕ J/ψ Mom. [55, 56]
mb(mb) 4202(8) MeV Bx ⊕ Υ Mom. [55, 56]
〈αsG2〉 (6.35 ± 0.35) × 10−2 GeV4 Hadrons Average [54]
〈g3G3〉 (8.2 ± 1.0) GeV2 × 〈αsG2〉 J/ψ family QSSR [38–40]
Table 1: QCD input parameters from recent QSSR analysis based on stability
criteria. mc,b(mc,b) are the running c, b quark masses evaluated at mc,b.
• QCD coupling αs
We shall use from the Mχ0c−Mηc mass-splitting sum rule [54]:
αs(2.85) = 0.262(9){ αs(Mτ) = 0.318(15)
{ αs(MZ) = 0.1183(19)(3) (13)
which is more precise than the one from Mχ0b − Mηb [54] :
αs(9.50) = 0.180(8){ αs(Mτ) = 0.312(27)
{ αs(MZ) = 0.1175(32)(3). (14)
These lead to the mean value quoted in Table 1, which is in
complete agreement with the world average [57]:
αs(MZ) = 0.1181(11) . (15)
• c and b quark masses
For the c and b quarks, we shall use the recent determina-
tions [56] of the running masses and the corresponding value of
αs evaluated at the scale µ obtained using the same sum rule
approach from charmonium and bottomium systems.
• Gluon condensate 〈αsG2〉
We use the recent estimate obtained from a correlation with
the values of the heavy quark masses and αs which can be com-
pared with the QSSR average from different channels [54].
5. Parametrisation of the spectral function
– In the present case, where no complete data on the spectral
function are available, we use the duality ansatz:
ImΠHM,T ' f 2H M4Hδ(t − M2H) + Θ(t − tc)“Continuum”, (16)
for parametrizing the spectral function. MH and fH are the low-
est ground state mass and coupling analogue to fpi. The “Con-
tinuum” or “QCD continuum” is the imaginary part of the QCD
3
correlator from the threshold tc. Within a such parametrization,
one obtains:
Rcn ≡ R ' M2H , (17)
indicating that the ratio of moments appears to be a useful tool
for extracting the mass of the hadron ground state [17–20, 22].
– This simple model has been tested in different channels
where complete data are available (charmonium, bottomium
and e+e− → I = 1 hadrons) [17, 18, 27]. It was shown that,
within the model, the sum rule reproduces well the one using
the complete data, while the masses of the lowest ground state
mesons (J/ψ, Υ and ρ) have been predicted with a good ac-
curacy. In the extreme case of the Goldstone pion, the sum
rule using the spectral function parametrized by this simple
model [17, 18] and the more complete one by ChPT [58] lead
to similar values of the sum of light quark masses (mu + md)
indicating the efficiency of this simple parametrization.
– An eventual violation of the quark-hadron duality (DV) [59,
60] has been frequently tested in the accurate determination of
αs(τ) from hadronic τ-decay data [34, 60, 61], where its quan-
titative effect in the spectral function was found to be less than
1%. Typically, the DV behaves as:
∆ImΠHM,T (t) ∼ t e−κtsin(α + βt)θ(t − tc) , (18)
where κ, α, β are model-dependent fitted parameters but not
based from first principles. Within this model, where the con-
tribution is doubly exponential suppressed in the Laplace sum
rule analysis, we expect that in the stability regions where the
QCD continuum contribution to the sum rule is minimal and
where the optimal results in this paper will be extracted, such
duality violations can be safely neglected.
– Therefore, we (a priori) expect that one can extract with a
good accuracy the masses and decay constants of the mesons
within the approach. An eventual improvement of the results
can be done after a more complete measurement of the corre-
sponding spectral function which is not an easy experimental
task.
– In the following, in order to minimize the effects of un-
kown higher radial excitations smeared by the QCD continuum
and some eventual quark-duality violations, we shall work with
the lowest ratio of moments Rc0 for extracting the meson masses
and with the lowest moment Lc0 for estimating the decay con-
stant fH . Moment with negative n will not be considered due
to their sensitivity on the non-perturbative contributions at zero
momentum.
6. Optimization Criteria
– For extracting the optimal results from the analysis, we
have used in previous works the optimization criteria (mini-
mum sensitivity) of the observables versus the variation of the
external variables namely the τ sum rule parameter, the QCD
continuum threshold tc and the subtraction point µ.
– Results based on these criteria have lead to successful pre-
dictions in the current literature [17, 18]. τ-stability has been
introduced and tested by Bell-Bertlmann using the toy model of
harmonic oscillator [27] and applied successfully in the heavy
[10, 11, 27, 62–70] and light quarks systems [14, 15, 17–
20, 22, 71].
– It has been extended later on to the tc-stability [17–20] and
to the µ-stability criteria [54, 65, 71–73].
– Stability on the number n of heavy quark moments have
also been used [38–40, 56].
– One should notice in the previous works that these crite-
ria have lead to more solid theoretical basis and noticeable im-
provement of the sum rule results. The quoted errors in the re-
sults are conservative as the range covered by tc from the begin-
ning of τ-stability to the one of tc-stability is quite large. How-
ever, such large errors induce less accurate predictions com-
pared with some other approaches (potential models, lattice cal-
culations) especially for the masses of the hadrons. This is due
to the fact that, in most cases, there are no available data for the
radial excitations which can be used to restrict the range of tc-
values. However, the value of tc used in the “QCD continuum”
model does not necessarily coincide with the 1st radial exci-
tation mass as the ”QCD continuum” is expected to smear all
higher states contributions to the spectral function. This feature
has been explicitly verified by [37] in the ρ-meson channel.
7. Coupling and mass of the scalar χc0χc0 molecule
Using the previous QCD expression given in Eq. 3 and
adding the PT NLO contribution, we study the dependence of
the coupling and mass on the LSR parameter τ, the continuum
threshold tc and the subtraction scale µ. We shall also study the
relative contribution of the continuum versus the ground state
one.
• τ- and tc-stabilities
We show in Fig. 1, the τ and tc behaviours of the 0++(χc0 −
χc0) molecule fixing µ = 4.5 GeV from some other
channels,[55, 73, 74] which we shall justify later. We see that
fχc0χc0 and Mχc0χc0 present respectively inflexion points and min-
imas at τ ' (0.38 ± 0.02) GeV−2 which appear for tc ≥ 55
GeV2. The tc-stability is reached for tc ≈ 70GeV2 We take
tc ' 62.5(7.5) GeV2.
• µ-stability
Fixing tc = 70 GeV2 and τ = (0.35 − 0.38) GeV−2, we show
in Fig. 2 the µ behaviour of the mass and coupling where we
note an inflexion point at :
µ = (4.5 ± 0.2) GeV , (19)
in agreement with the one quoted in [55, 73, 74] using different
ways and/or from different channels.
• QCD continuum versus lowest resonance contribution
To have more insights on the QCD continuum contribution,
we study the ratio of the continuum over the lowest ground state
contribution as predicted by QCD :
rχc0χc0 ≡
∫ ∞
tc
dt e−tτImψcont∫ tc
16m2 dt e
−tτImψχc0χc0
. (20)
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Figure 1: fχc0χc0 and Mχc0χc0 as function of τ at NLO for different values of tc,
for µ=4.5 GeV and for values of mc,b(mc,b) given in Table 1.
We found that for tc ≥ 55 GeV2, the continuum contribution
is less than 60% of the ground state one and decreases quickly
for increasing tc indicating a complete dominance of the ground
state contribution in the sum rule.
• Convergence of the PT series and higher order terms
– We compare in Fig. 3 the LO and NLO perturbative contri-
butions. As the input definition of the quark mass is ambiguous
at LO, we use the running mass evaluated at µ = 4.5 GeV and
the corresponding on-shell / pole mass M(µ = M) = 1.53 GeV.
We see that, for the coupling, the two mass definitions lead to
about the same predictions but there is a difference about 400
MeV for the mass prediction. This systematic error is never
considered in the literature where a running mass is often used
ad hoc with not any justification. This ambiguity is avoided
when the PT corrections are added.
– Comparing the predictions for the running mass at given
τ ≈ 0.17 GeV−2, tc ' 70 GeV2 and µ = 4.5 GeV, one can
parametrize numerically the result as :
fχc0χc0 ≈ 43 keV
(
1 + 8.7 as ± 75.7 a2s
)
,
Mχc0χc0 ≈ 7.76 GeV
(
1 − 0.5 as ± 0.25 a2s
)
. (21)
where the PT corrections tend to compensate in the ratio of mo-
ments used to determine the mass of the meson. We have esti-
mated the N2LO contributions from a geometric growth of the
PT coefficients [44] which we consider as an estimate of the
uncalculated higher order terms of the PT series.
– One can notice, like in the case of the two-point functions
of the scalar quark bilinear currents, that the coefficients of ra-
diative corrections are large for the decay constant [12, 17, 18].
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Figure 2: fχc0χc0 and Mχc0χc0 at NLO as function of µ for fixed values of tc = 70
GeV2 , for µ=4.5 GeV and for values of mc,b(mc,b) given in Table 1.
However, the PT series converge numerically at µ = 4.5 GeV
but induce a relatively large systematic error when the higher
order terms of the PT series are estimated using a geometric
growth of the numerical coefficients.
8. The scalar ηcηc, J/ψJ/ψ and χ1cχ1c molecules
– The τ, tc and µ behaviours of the coupling and mass of these
molecules are very similar to the one of χ0cχ0c and will not be
repeated here. The values τ- and tc at the stability regions are
shown in Table 3 where one can notice that , for the ηcηc, the
stabilities are reached at earlier values of tc which is dual to the
lower value of the ηcηc molecule mass.
– In all cases, the inclusion of the 〈G3〉 condensate shift the
τ-stabilty to smaller values. In the case of the ηcηc, it becomes
0.36 GeV−2 for the coupling (minimum) and 0.34 GeV−2 for
the mass (inflexion point).
– The main difference with the χ0cχ0c as shown in Figs.3 is
the almost equal position of the τ minima for the LO and LO ⊕
NLO contributions as shown in Fig. 4, which can be attributed
to the different reorganisation of the terms in each channel.
– Our results also emphasize the importance to add radiative
PT corrections for a proper heavy quark input (pole or MS run-
ning) mass definition . In the MS scheme, the αs correction is
small as can be seen explicitly in this numerical parametrization
:
fηcηc ' 80 keV
(
1 − 1.4 as ± 1.96 a2s
)
Mηcηc ' 6.4 GeV
(
1 − 0.57 as ± 0.32 a2s
)
. (22)
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Figure 3: Comparison of the LO and NLO contributions on fχc0χc0 and Mχc0χc0
as function of τ for fixed values of tc = 55 GeV2 and µ=4.5 GeV.
– The µ-stability is reached at µ = 4.5 GeV. The results of the
analysis are shown in Table 2.
9. Coupling and mass of the scalar χb0χb0 molecule
The extension of the analysis to the b quark channel is
straigthforward. We show in this example the details of the
analysis.
• τ- and tc-stabilities
–The τ and tc behaviours of the 0++(χb0χb0) molecule fixing
µ = 7.5 GeV from some other channels [55, 73, 74] are shown
in Fig. 6, where the stability (minimas and inflexion points) is
reached for τ ' 0.17 GeV−2 and tc ' (420 − 460) GeV2.
– The µ-stabilty is shown in Fig. 7.
• µ-stability
Fixing tc = 460 GeV2 and τ = 0.17 GeV−2, we show in Fig. 7
the µ behaviour of the mass and coupling, where we find a clear
inflexion point for the coupling but a slight for the mass at :
µ = (7.25 ± 0.25) GeV , (23)
in agreement with the one quoted in [55, 73, 74] using different
ways and/or from different channels.
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Figure 4: Comparison of the LO and LO ⊕ NLO contributions on fηcηc and
Mηcηc as function of τ for fixed values of tc = 55 GeV
2 and µ=4.5 GeV.
• LO versus NLO contributions
We compare in Fig 8 the LO and LO ⊕ NLO contributions.
We note (as expected) that the radiative corrections is smaller
for b than for c as the coupling and mass are evaluated at higher
µ-values. Using this result, we can numerically parametrize the
previous observables as:
fχb0χb0 ' 3.9 keV
(
1 + 3.8 as ± 14.4 a2s
)
Mχb0χb0 ' 20.1 GeV
(
1 − 0.3 as ± 0.1 a2s
)
(24)
where the PT corrections tend to compensate in the ratio of mo-
ments while, compared to the c-quark channel, the PT correc-
tions are relatively small. As in the previous cases, we have
estimated the N2LO contributions from a geometric growth of
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Figure 5: Comparison of the LO and LO ⊕ NLO contributions on Mχc0χc0 as
function of the degree n of momentsMn for fixed values of tc = 70 GeV2 and
µ=4.5 GeV.
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for µ=7.5 GeV and for values of mb(mb) given in Table 1.
the PT coefficients [44] which we consider as an estimate of the
uncalculated higher order terms of the PT series.
10. 〈G3〉 condensate and truncation of the OPE
– We have included the 〈G3〉 condensate contribution into the
sum rule. We have cross-checked that with our method of cal-
culation we reproduce the results of [75] for charmonium sum
rules.
– We have noticed that in the χc0χc0 channel, the contribution
of the 〈G3〉 condensate is relatively small and does not modify
the shape of the mass and coupling curves versus the variation
of τ and for different values of tc. It decreases the decay con-
stant by 0.4 keV and increases the mass by 14 MeV but does
not change the shape of the curve.
– However, this is not the case for the χb0χb0 states and for
some other channels which will be analyzed later on where the
〈G3〉 contribution can be large and modify the minimum of the
mass found for 〈αsG2〉 into an inflexion point (see Fig. 9) and
vice-versa for the coupling. This feature renders the mass re-
sult quite sensitive to the localisation of this inflexion point. An
analogous effect of 〈G3〉 has been also observed e.g in the anal-
ysis of charmonium sum rules [38–40] and the inclusion of the
〈G4〉 condensates which act with an opposite sign restores the
stability of these sum rules.
– To circumvent this problem and due to the difficulty for
evaluating the 〈G4〉 contribution, we consider the optimal result
at the value of τ where the coupling presents a minimum. Then
we consider as a final result (here and in the following), the
mean obtained with and without the 〈G3〉 contribution. The er-
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Figure 7: fχb0χb0 and Mχb0χb0 at NLO as function of µ for fixed values of tc =
460 GeV2 , for µ=4.5 GeV and for values of mb(mb) given in Table 1.
ror induced in this way will be included as the systematics due
to the truncation of the OPE as quoted in Table2.
11. The scalar ηbηb , ΥΥ and χ1bχ1b molecules
The analysis of these scalar molecules is very similar to the
analysis presented above. One should mention that in these
channels the PT radiative corrections and the contribution of
the 〈G3〉 condensate are small indicating a good convergence
of the PT series and of the OPE at the optimization scale. The
results are quoted in Table 2 where the LSR parameters used to
get them are shown in Table 3.
12. The scalar tetraquark states
– We repeat the previous analysis for the case of tetraquark
states with same choice of diquark currents as in [76] :
J[P,S ,A,V]T = Q
T
a C[1, γ5, γµ, γ5γµ]Qb , (25)
in order to make a direct comparison with their LO results. We
do not consider the current associated to σµν which corresponds
to a two-point correlator of higher dimension. We shall also
consider the four-quark operator :
OT = abccde(QTa CγµQb)(QTd CγµQe) , (26)
in order to make a direct comparison with [77]. One should
notice that due to the epsilon-tensor, most of the currents used
by [76] are not present in [77].
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Figure 8: Comparison of the LO and LO ⊕ NLO contributions on fχb0χb0 and
Mχb0χb0 as function of τ for fixed values of tc = 460 GeV
2 and µ=7.5 GeV.
– The behaviours of different curves are very similar with the
ones of the corresponding molecule case.
– We quote the results in Table 2 and the optimal LSR param-
eters used to get them in Table 3. These results are compared
with the ones in [76, 77] in Table 4.
13. Comments on the previous results
• The quest of factorization and Landau singularities
– We have shown explictily in Eq. 3 that the contributions
from the non-factorized diagrams appear already to LO of per-
turbative series and for the lowest dimension 〈αsG2〉 gluon
condensate contributions. This result does not support the
claims of [78, 79] that non-factorized contributions start to or-
der α2s . However, this effect shown in Fig. 10 is numerically
small(about 3%≈ 1/(10Nc) of the sum of factorized ⊕ non-
factorized contributions as expected from large Nc limit and
Fierz transformations. This feature has been already observed
explicitly in our previous work [2, 9]. This small effect of the
non-factorized contribution justifies the accuracy of our approx-
imation by only using the factorized diagrams in the NLO per-
turbative contributions.
– We do not also see the relevance / appearance of the Lan-
dau singularities mentioned by [78, 79] in the analysis using the
OPE in the Euclidian region. However, the two-point function
analyzed in [78, 79] has nothing to do with the one analyzed in
our paper as it corresponds to a four-point function compacted
into a two-point function but with four legs i.e with two in-
coming and two-outgoing momenta. This four-point function
is more relevant for the analysis of hadron-hadron scatterings
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Figure 9: Effect of the 〈G3〉 condensate on the τ-behaviour of fχb0χb0 and
Mχb0χb0 for fixed values of tc = 460 GeV
2 and µ=7.5 GeV.
(see the example of pipi and γγ in [80, 81]), while in this case, a
two-point function enters differently via a gluonium intermedi-
ate state [82].
– From the analysis of Eq. 20, we have shown that the postu-
lated lowest mass ground state dominates the spectral function.
This feature indicates that the non-resonant states do not play a
crucial role in the analysis. This conclusion may go in line with
the answer of [83, 84] on some of the comments of [78, 79].
• Systematic errors
– As mentioned in Section 5, one expects that at the optimiza-
tion region, an eventual duality violation is expected to be negli-
gible and the QCD continuum contribution which parametrizes
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Figure 10: Comparison of the factorized and factorized ⊕ non-factorized (TOT)
at LO including the αsG2 condensate contribution to the decay constant fχc0χc0
versus the τ for fixed values of tc = 70 GeV2 and µ=4.5 GeV. We use the pole
mass of 1.53 GeV.
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Observables ∆tc ∆τ ∆µ ∆m ∆αs ∆αsG2 ∆G3-OPE HO-PT Values
q ≡ c, b c b c b c b c b c b c b c b c b c b
fH [keV]
0++ Molecule
ηqηq 0.8 0.4 0.2 0.1 3.0 0.2 10 1.2 5 2 0.7 0.1 12.2 0.8 0.9 0.2 56 ± 17 9.8 ± 2.4
J/ψJ/ψ,ΥΥ 4.6 0.6 1.0 0.6 2.0 0.1 10.7 4.3 19 2.5 3.4 0.4 45.6 3.8 0.4 0 160 ± 51 23.4 ± 6.3
χq1χq1 0.9 1.6 1.1 0.9 0.9 0.2 6 3 9 4.8 10 0.0 4 3 5 19 162 ± 16 48.9 ± 20.1
χq0χq0 2.8 0.01 0.4 0.1 2.5 0.1 3.7 0.5 3.5 0.7 1.2 0.1 11.5 0.6 16 0.2 69 ± 21 4.0 ± 1.1
0++ Tetraquark
Eq. 25
S qS q 0.1 0.1 0.7 0.2 9 2.3 20 2.3 9 3.7 0.3 0.1 7 9 87 0.1 249 ± 90 29.6 ± 10.2
AqAq 1.4 4.1 1.0 7.2 1.5 3.4 19.2 4.0 8.8 6.4 0.36 0. 10 2.8 65 27 220 ± 69 87.4 ± 29.5
VqVq 5.2 0.4 1.0 0.3 6.5 0.3 11.8 1.5 5.4 2.4 1.9 0.2 9 0.3 0.9 0.1 102 ± 18 17.2 ± 2.9
PqPq 1.4 1.8 0.4 2.3 3.4 0.5 7.2 1 3.5 1 1.3 0.1 8.9 3.5 4.8 1.2 60 ± 14 6.5 ± 4.9
Eq. 26
AqAq 3 3.6 1.5 2 4.8 2 37.5 7.7 17.6 12.3 0.8 0.1 12 7 108 72 448 ± 117 136 ± 74
MH [MeV]
0++ Molecule
ηqηq 23 4 3 15 23 26 51 29 24 49 14 13 186 58 3.8 1.6 6029 ± 198 19259 ± 88
J/ψJ/ψ,ΥΥ 34 31 11 42 24 27 27 52 49 30 31 22 359 116 1.3 0 6376 ± 367 19430 ± 145
χq1χq1 26 4 29 99 20 22 42 25 20 43 5 22 16 73 7 6 6494 ± 66 19770 ± 137
χq0χq0 11 39 8 28 10 24 47 36 19 18 29 13 76 112 9 8 6675 ± 98 19653 ± 131
0++ Tetraquark
Eq. 25
S qS q 12 1 28 38 21 26 54 29 43 59 1 2 25 89 9 9 6411 ± 83 19217 ± 120
AqAq 26 37 32 132 20 23 43 25 21 43 2 1 38 53 0.0 10 6450 ± 75 19872 ± 156
VqVq 59 27 10 22 26 4 47 29 25 50 21 15 152 39 1 0.1 6462 ± 175 19489 ± 79
PqPq 34 10 19 40 23 24 46 28 20 46 30 22 258 23 22 5 6795 ± 268 19754 ± 79
Eq. 26
AqAq 4 21 3 95 21 25 43 27 21 47 2 0 39 30 16 2 6471 ± 67 19717 ± 118
Table 2: Predictions from LSR at NLO and sources of errors for the decay constants and masses of the molecules and tetraquark states. The errors from the QCD
input parameters are from Table 1. ∆µ are given in Eqs. 19 and 23. We take |∆τ| = 0.02 GeV−2. In the case of asymetric errors, we take the mean value. The
inclusion of the 〈G3〉 contribution and the way to estimate the systematics induced by the truncation of the OPE are explained in Section 10.
non-resonant states is dominated by the lowest resonance as can
be checked from Eq. 20. Therefore, the high-energy tail of the
spectral function cannot bring a sizeable systematic error.
– The error due to the truncation of the PT series cannot be
quantified with a good accuracy as the LO contributions are
quite sensitive to the quark mass definition (pole or running) in
some other channels. Using an approach similar to the one lead-
ing to Eq. 21 where a geometric growth of the as-coefficients
has been assumed, we deduce the error estimate in Table 2.
– We have estimated the unknown higher dimension conden-
sates contributions in the OPE quoted in Table 2 as discussed in
Section 7.
• New compared with available QSSR results
Compared to previous QSSR LO results given in the litera-
ture (see Table 4):
– We have included (for the first time) the NLO corrections
which is mandatory for giving a sense on the definition and
numerical values of the input heavy quark mass which plays
a crucial role in the analysis.
– We have added the contributions of the dimension-six 〈G3〉
condensates, which are quite large for the ηqηq and J/ψJ/ψ,ΥΥ
molecules and for the VV and PP tetraquark states.
– Our results are shown in Table 2 where systematic analysis
of some possible configurations of the 0++ molecule and four-
quark states have been done.
• Comparison of the LSR with the ratio of MOM results
– Taking, the example of the χc0χc0 molecule and S S -
tetraquark, we use the ratio of moments as in [76]:
M2T ,M =
Mn(Q20)
Mn+1(Q20)
− Q20 :Mn(Q20) =
1
pi
∫ ∞
16m2Q
dt
Im ΠT ,M(t)
(t + Q20)
n
.
(27)
We take e.g Q20 = 4m
2
Q. Then, we find that the LO and LO ⊕
NLO results are about the same as from the LSR obtained in
the previous sections. To NLO, one obtains in units of GeV :
Mχc0χc0 ' 6.93, MS cS c ' 6.44 and MS bS b ' 19.29 , (28)
which indicates that the two methods give within the errors the
same result.
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Scalar Molecules Tetraquarks
Parameters ηcηc J/ψJ/ψ χc0χc0 χc1χc1 ηbηb ΥΥ χb0χb0 χb1χb1 S cS c AcAc VcVc PcPc S bS b AbAb VbVb PbPb
tc [GeV]2 45–55 55–70 55–70 55–70 400-460 400–460 420–460 420–460 55–70 55–70 50–70 60–90 400–460 420–460 400–460 420–460
τ [GeV]−2102 50, 54 30, 34 36, 38 34 21,22 14, 16 16, 17 7,9 34 32–38 38 32, 34 22 6–8 15, 16 8–18
Table 3: Values of the LSR parameters tc and the corresponding τ at the otpimization region for the PT series up to NLO and for the OPE truncated at 〈αsG2〉.
Scalar Mc¯c¯cc [GeV] Mb¯b¯bb [GeV]
q¯q¯qq LO NLO NLO ⊕ G3 LO [76] LO [77] LO NLO NLO ⊕ G3 LO [76] LO [77]
Eq. 25
SS 6.59 6.39 ± 0.08 6.41 ± 0.08 6.44 ± 0.15 – 19.51 19.13 ± 0.08 19.22 ± 0.12 18.45 ± 0.15 –
AA 6.52 6.49 ± 0.07 6.45 ± 0.08 6.46 ± 0.16 − 19.51 19.93 ± 0.15 19.87 ± 0.16 18.46 ± 0.14 −
VV 6.55 6.61 ± 0.09 6.46 ± 0.18 6.59 ± 0.17 – 19.49 19.53 ± 0.07 19.49 ± 0.08 18.59 ± 0.17 –
PP 7.37 7.05 ± 0.07 6.80 ± 0.27 6.82 ± 0.18 – 19.96 19.78 ± 008 19.75 ± 0.08 19.64 ± 0.14 –
Eq. 26
AA 6.50 6.51 ± 0.06 6.47 ± 0.07 – 5.99 ± 0.08 19.49 19.75 ± 0.11 19.72 ± 0.12 – 18.84 ± 0.09
Table 4: Comparison of the values of the 0++ scalar tetraquark masses and couplings from different QSSR approaches. Our predictions are at LO (only the central
value is quoted) and up to NLO of PT series where the errors come from Table 2. The predictions of Ref. [76] are from Moments at LO and of Ref. [77] from LSR
at LO where the (unjustified) choice of the numerical values of the running quark masses has been used.
• Comparison with the ratio of MOM results of Ref. [76]
– In the case of the AA tetraquark, we have compared our LO
⊕ 〈αsG2〉 QCD expressions with the one of [76] obtained from
the same current (Eq. 25) and find a good agreement.
– We compare in Table 4 our LSR results with the LO ones
of [76]. One can see, that, in general, the LO results of [76]
compared to our LO ones have the tendancy to underestimate
the mass results. For the charm case, our LO ⊕ NLO ones agree
within the errors with the ones of [76] while in the beauty case,
our predictions for the masses are about 0.5 to 1 GeV higher
which are expected to be above the ηbηb and Υ(1S )Υ(1S )
thresholds.
• Comparison with the LSR results of Ref. [77]
– We have also compared our results for the AA scalar
tetraquark with the LO ones of [77] using the current in Eq. 26.
– The PT QCD expressions agree each other at LO. There is
a slight difference for the 〈αsG2〉 contribution for higher values
of t to all values of the heavy quark mass but this difference
affects only slightly the predictions.
– At LO and including the 〈αsG2〉 contribution, our values of
the AA couplings of about 287 (resp. 78) keV for the charm
(resp. bottom) are comparable with the ones of [77] (289 (resp.
54) keV) if the (unjustified) choice of MS -mass is used.
– For the charm, the AA mass of [77] is (460–550) MeV
lower than the one of [76] and our LO result, while for the bot-
tom it is 670 MeV lower than our LO result but 380 MeV higher
than that of [76] (see Table 4). However, the origin of this dis-
crepancy does not come from the QCD input parameters as we
use about the same values. This example puts a question mark
on the unusual treatment of the sum rules by the author in [77].
– His choice of the subtraction scale µ ' (1.2 ∼ 2.2) GeV
for the charm (resp. (2.3 ∼ 3.3) GeV for the bottom) based,
for instance, on the identification of the sum of the PT running
mass (mc + mb)(µ) with the value of the Bc-mass [85] is difficult
to justify in the absence of NP-contributions (binding energy).
However, such low values of µ are quite dangerous as, at this
low scale, the PT radiative corrections are expected to be large
and can strongly affect the final result. This is indeed the case
for the coupling where, at the µ-stability (4.5 GeV for the charm
and 7.25 GeV for the bottom) the NLO corrections increase it
by 59% for the charm and 83% for the bottom. This effect is
obviously larger for smaller values of µ.
– Moreover, using only the µ-dependence of the running val-
ues of αs and mQ into the PT LO expression of the sum rule is
also inconsistent while the identification of the QCD continuum
threshold with the mass of the first radial excitation can be in-
accurate as the QCD continuum is expected to smear all higher
state contributions.
– It is also remarkable to notice from Tables 2 and 4 the (al-
most) independence of our results on the form of the current for
the AA tetraquark.
– For a consistency check of our results, we compare our
result for the AA tetraquark mass MAA ' 6.47 (resp. 19.72)
GeV from the current of [77] within a 3¯c ⊗ 3c color represen-
tation with the one from the combination of molecule currents
2(S¯ S + P¯P) + V¯V − A¯A given there. Using a quadratic mass re-
lation, we deduce at NLO ⊕G3: MAA ' 6.38 (resp. 19.49) GeV
in agreement (within the errors) with our predicted tetraquark
masses.
• Some phenomenological implications
One can notice from Tables 2 and 4 that :
– Our different QSSR predictions cannot disentangle (within
the errors) the mass of a molecule from a tetraquark state as
already found in some of our previous works [1–5].
– Our results do not favour the ones from some potential
models where the exotic states are below the ηcηc meson thresh-
olds. Instead, our results may explain the existence of a 0++
broad structure around (6.2 – 6.7) GeV which can be due to
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ηcηc, χc1χc1 and J/ψJ/ψ molecules or /and to scalar-scalar,
vector-vector and axial-axial scalar tetraquark states.
– If the new LHCb peak candidate [32, 33] around (6.8 – 6.9)
GeV is a 0++ state, the value of its mass suggests that it is likely
a χc0χc0 molecule or a pseudoscalar-pseudoscalar tetraquark
states. Its signature from a J/ψJ/ψ invariant mass may come
from the di-χc0 decaying to di-γJ/ψ.
– In the case of a χc1χc1 molecule, the predicted mass is be-
low the χc1χc1 threshold while our NLO predictions for the
beauty states indicate that all of them are above the ηbηb and
Υ(1S )Υ(1S ) thresholds.
We plan to calculate the spectra of some other 0−, 1± and 2++
channels and eventually their widths in a future work.
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